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Novel field theory phenomena from F theory and D-branes 
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Talk presented in the 97 Karpatcz winter school. We describe Sen's work on F theory on K3 and its reflection 
on the world-volume fleld theory on a D3-brane probe. Field theories on a multiple of probes are analyzed. 
We construct a 4d N=l superconformal probe theory which is invariant under electric-magnetic duality via a 
compactification to six dimensions on T^/Z2 x Z2. 
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1. Introduction 

Recent developments in string theories, and in 
particular brane physcis, have provided new mag- 
nifying glasses for observations on quantum field 
theories in various dimensions. In this series of 
talks presented in the Karpatcz 97 winter school 
we have focused on exploring field theories on the 
world- volume of D-brane probes in F theory [|l|. 
We have followed the analysis of A. Sen[^ on F 
theory on K3 and its reinterpretation in terms of 
a probe theory Q. 

General background on D-branes, type IIb 
theory, orientifolds and F theory is presented in 
the introduction section. Section 2 is devoted to 
the analysis of F theory compactified on K3[^ 
and its relation to the field theory on a D3-brane 
probe [?]. A generalization of the latter to the 
theory on a multiple probe system that is put in 
various configurations with respect to the orien- 
tifold plane is presented in section 3. Section 
4 is devoted to the extraction of the properties 
of a probe theory in the neighbourhood of an in- 
tersecting orietifold planes of an F compactified 
on T^/Z2 X Z2. The field content is found us- 
ing a Gimon-Polchinski|^ type of analysis and a 
superpotential of this = 1 theory, which ad- 
mits a fixed line passing through the origin of the 
space of couplings, is written down. The last 2 
sections are based on a work that was done in 
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collaboration with O. Aharony, S. Theisen and S. 
Yankielowicz ||] , 

1.1. A brief review of D-branes 

A Dp-brane is a p dimensional extended ob- 
ject prescribed by the property that ends of open 
strings can lie on it, although open strings can- 
not exist in the bulk.j|] These open strings have 
Neuman boundary conditions (b.c) dnX^ = for 
/i = 0, and Dirichlet b.c = constant 

for /.t — p + 1, ...9. 

We summarize several properties of D-branes 
that we will make use of §: (i) The D-brane 
is a dynamical object. It can fluctuate in trans- 
verse directions. Its world-volume theory includes 
gauge fields and scalar fields. The latter corre- 
spond to the fluctuations, (ii) A Dp-brane cou- 
ples to a Ap+i form. Thus type II a includes even 
branes and IIb odd ones, (iii) A T-duality on 
interchanges the Dirichlet and Neuman b.c on the 

, so that a wrapped Dp-brane — s- D(p-l)-brane 
and unwrapped Dp-brane D(p-t-l)-brane. (iv) 
a D-brane is a BPS state. It breaks half of the 
supersymmetries. (v) There is no force between 
infinite parallel D-branes at rest, (vi) N parallel 
D-branes can form a bound state at threshold. 

1.2. A. brief review of type IIb string the- 
ory 

We briefly summarize the bosonic fields and the 
symmetries of type IIb string theory. 

1. Massless bosonic fields: 

Neveu-Schwarz (NS-NS) sector- 0, g^^, 



B 



(NS) 
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Ramond-Ramond (RR) sector- a, B'j3^\ 



D+ 



2. Symmetries 

I. Symmetries of the perturbative theory- 
(i) (-1)^^ 



a -a; B^i, 

-D+ 

l_Ll'p(7 



(ii) Vl world sheet parity 
transformation- 



a —a, t}fj_i, 

-D+ 

II. conjectured non-perturbative symmetry 
S'L(2,Z)S-duahty- 



r\ + s Vsi" 



P 1 

r s 



B 



(BR) 



where 



X — a ' 



1.4. A brief review of F theory 

In conventional compactifications of type IIb 
A = constant. 

F theory is defined in the following way. Let 
be a manifold of dimension d + 2 admitting an 
elliptic fibration. Let S be a (base) manifold of 
dimension d. M is obtained by erecting at every 
point of S a copy of a torus with its complex 
structure varying over B. 




Figure 1. 



p,q,r, s € 2 with ps — qr = 1. 

1.3. A brief review of type IIb orientifolds 

Type IIb defined on ^ where A^-manifold and 
G- a group containing at least one element of the 
form 



gs~t ■ gint ■ ^ 

where (7s-t is a space-time transformation, gmt- is 
an internal transformation and il is a world-sheet 
parity transformation. 

Here are some examples of type IIb orientiflods 

1. type IIb on j^nj This is type I string the- 
ory on M^'^. 



2. type IIb on Af"^-! x 
forms — 



i89(-i)^i.n 

^9 



Xs9 trans- 



Upon performing T-duality on this is 
type I on M^-^ x T^. 



3. type 



M 



5,1 



IIb 

(J67(-l)^J^O)xl89(-l)^ii2) 



on 



F theory on A4 = type IIb on B 



with 

A = r(z) 7^ constant 

Note that when one moves along a closed cycle 
A = t{z) must come to its orignal value up to an 
S'L(2, 2^)transformation. An example of elliptic 
fibration- elliptically fibered K3. In this case A4- 
K3 and B-CP^. For z the coordinate of CP^ the 
torus is parametrized by the complex coordinates 
X and y 

^ x^ + fs{z)x + gi2{z) (1) 

fsiz) and gi2{z) are polynomials of degree 8 and 
12 respectively. 

The J invariant of is given by 

4(24/)3 



(2) 



27^2 + 4/3 

F theory on K3 is equivalent to type IIb on CP^ 
with A = t{z). We enlist here several DuaUties 
of F theory that will be useful in the discussions 
below. 
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1. F theory on ^ type I (heterotic) 50(32) 



For the ansatz ^ and with (p ^ Yii^ii-^ ~ ^i) 



2. F theory on Al x 5*1 type IIb on B x Si 
with \{z) ~ t{z) of the fibers. RecaU that 
type IIb on Si with radius R is dual to type 
Ha on on Si with radius Furthermore, 
type Ha on Si is equivalent to M-theory 
on T^, so that A of the type IIb theory is 
identified with t of the latter T^. We thus 
conclude that 



F theory on x 5'i<^M-theory on M. 



3. From (1) F theory on Ki x S'i<^M-theory 
on i4r3<=>Heterotic on T^. 

In a similar manner, F theory on 
A'S^Heterotic on T^. 

Since the heterotic theory on r^<^type / on 
T^<;4>type IIb on j— one finds 



F theory on iir3<^type IIb on ^ 



4. F theory on K3 fibered CY <^heterotic on 
K3. 

2. Sen's model- F-theory on K3- space- 
time and worldvolume theories 

Eliptic fibration of K3 is described by eqn. . 
The idea of Sen was to look for a point in the 
F-theory moduli space where 

t{z) is independent of z and Im{T) is large 

This should imply a conventional perturbative 
string compactification, and as will be shown 
below a conformal invariant field theory on a 
"probe" worldvolume. 

A constant r(z) means also 

/3 

j(t(z)) — constant — > ^ = constant (3) 
9 

This condition is obeyed if one takes 
f^acj,{z)\ g^(j>{zf (4) 



In that case j(T{z)) 



4(24a) 



27+40^ 

a can be adjusted so that Im^r) is large 
Singularities of j (r) at 



constant where 



A^Y[iz~z,f 



(6) 



Metric on the base CP^ 

In general the metric is given byjiof 

24 24 

ds^ = F{t, f )) Y[{z - z,)^^ - ^'^'^ 



So for the point in moduli space we consider it 
takes the form 



ds' = f{t, f)) - ^^r'' n(^" - ^^)"^ 



This can be brought to the form of a Flat met- 
ric. Define 



dw = 



^dz 



then 



ds = dwdw. 



Near z — Zi, w ^ {z — Zi) ^ , namely, there is 
aConical deficit angle of tt at each of the four 

Zi. 

Naively, we may conclude that 



B 



J.2 



But there is a subtlety, lets check again 



^x^ + ax Y[{z - z.if + - z,)^ 



(7) 



(8) 



going around an orbifold point like z — Zi 



(z - Zi) 
X 

y 



e^^\z-z,) 
e^'^'x = X 



A = (27g2 + 4/3) = 



(5) 



which is 
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An SL(2,Z) trans. 



-1 



-1 



on the T'^ fiber 



The transformation 



-1 



corresponds 



to 



Thus, the the base is infact an Orientifold 



B = 



Under this projection z ^ — z, so define u = 
which is single valued on the orientifold. 
The orientifold 

(1) preserves half of the space-time supersym- 
metries of type IIb ■ 

(2) It carries a RR topological charge — 4[|j 



Figure 3. 




D7-brane 



orientifold 



Figure 4. 



orientifold 
point 



Figure 2. 



da = -4 



(9) 







where C is a contour around u 
D7-brane 

(1) preserves half of the space-time supersym- 
metries of type IIb ■ 

(2) It carries a RR topological charge -t-1 

To cancell the RR charges of the 4 orientifolds 
the theory must have 16 D7-branes see fig. 4. 
Since we have a configuration with 



A = constant — > a = constant the RR charge 
must be cancelled locally on the orientifold (fig. 
5) 

There is an Enhanced symmetry at singu- 
laries that can be viewed in F-theory picture 
and in the orientifold picture. 

Start with F-theory picture 



= + ax - Zif + 

1=1 4=1 

Near z = zi 

— x'^ + ax{z — zi)^ + {z — zif 
which means that there is a 



(10) 



(11) 



D4, type singularity SO{d>)'^ gauge symmet: 



Now the orientifold description Let us con- 
struct the string configuration in several steps: (i) 
From strings starting and ending on the TDbrane 
fig. 6. one finds 
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orientifold 



D7-brane 




)0 




Figure 5. 



Figure 7. 



N = 1 8D wv theory with U{1) gauge field and 
a complex scalar that corresponds to the location 
of the D-brane in the z plane. 

(ii) When two D-branes collapse one gets (fig. 

7) 



X 




O 



Figure 6. 



A'' = 1 8D wv theory with (7(2) gauge fields 
and a complex scalar in the adjoint. 

(iii) When all the four Zi are equal (fig. 8) then 
the 

symmetry is enhanced to U (4) 

(iv) when all the four Zi = (fig. 9) 

there are additional strings (and hence mass- 
less vectors) between the Tbranes at Zi and their 
mirrors at — z;. Now the symmetry is enhanced 
to U{8) 

(v) But the generator of Z2 = {—l)^^ls9^ acts 
on the generators T" of the U{8). 

Only those that commute with it survive. Un- 



Figure 8. 



der Z2 



^Z2 



h 
h 



(T") 



h 
h 



the various factors of this transformations are (i)- 
sign: change the sign of the oscillator Ati that 
creates open strings from the vaccum. 

(ii) Tranaspose: effect of orientation reversal 

(iii) ( ) : effect of exchange of Dbranes and 



V/4O 

their images. This breaks 

U{%) ^ 50(8) 

Let us now move away from the special point in 
the moduli space by switching background fields 
in both the orientifold and F-theory descriptions. 
Deforming away from the special point- 

Orientifold description- At each of the oricn- 
tifolds the 7D-branes can be moved away from 
the oricntfold. Near one particular orientifold the 



6 



theory is type IIb on and the picture The total number of parameters is 

is hke that of the neighborhood of a D7-brane in „ . ^ r\ a r f \ 

5, 3 from (/) + 4 from {g) 

— Ifrom rescaling of x,y — Ishift of z — h 




Figure 9. 

The background field A 



I 4 

A(z) = Ao + — (V ln(z -Zi)-A\nz) 
Zm ^ — ' 



It is clear that close to z = solution not 
consistent since Im{\) < 0. 

F-theory description 

Around the orbifold point 

= x^ + f{z)x + g{z) 

where f{z) and g{z) are polynomial of degree 2 
and degree 3 respectively. 

The zeros of A are now at 6 singular points 



O 



O 



o 



o 



Recall the Seiberg-Witten solution for N = 
2 SU{2) gauge symemtry with Nf = 4 is 
parametrized by 

r(z, mi, m2, TO3, m^, tq) 

where z =< (fP' >, are quark masses and tq 
is the classical coupling. It is now natural to use 
the SW parameters z, tq, to label the F-theory 
background. 

In this description the singularities are asso- 
ciated with massless quarks, massless monopole 
and massless dyon. 





orientifold 


F-theory 


para- 
meters 


Zl, Z2, 2:3, Zi 


To, 

mi, TO2, ma, TO4 


back- 
ground A 


^^1^ " 4 

ln(z — Zi) — 41nz) 


AW- 
T(To,m,) 


asymp- 
totic A 


Ao 


To 


BPS 
spectrum 


Zt 


ml 



The orientifold solution for A(z) is the same as 
the SW solution for large z {u) 
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r{z) = To + —0 



27ri ^ 



41nz) 



Figure 10. 



The singularities ln(z — mf) are due to the mas- 
selss quarks and the 4 In z term is associated with 
massless SU{2) gauge bosons which splits into 
two singularities in the full solution. The com- 
parison between the orientifold and the F theory 
picture is summarized in the table above. 



We can now conclude that 

F-theory provides the quantum corrected ver- 
sion of the orientifold background in the form of 
Seiberg-Witten solution 

Question: 

Is it a conincidence that the SW theory em- 
merged? 

2.1. SW solution as the wv theory on a 
3B probe 

Let us study the effective Lagrangian on a 
probe that moves in the background of the F- 
theory on K3. 

Question: What probe should one use? SBrane 
is the most natural probe since: (1) SBrane 
is invariant under SL{2,Z), so the wv theory 
should also be invariant under SL{2, Z)duality, 
(2) 7Brane parallel to a SBrane probe breaks 1/2 
of the supersymmetries so that — > = 2 in 4D. 

Another interpretation of the SBrane probe is 
as a wrapped SBrane. Recall F-theory on KS 
is dual to type I on T^. Take a SBrane of type I. 
Perform a T-duality on the which interchanges 
N<^D boundary conditions, and you find a 3D- 
Brane of type I'. The Chan-Paton SU{2) gauge 
group of the 5Brane of type I is inherited by the 
SBrane of the type F. The comparison between 
the two dual pictures is summarized in the fol- 
lowing table Q|. 



type I SBrane 


type F SBrane 


Wilson lines 
around cycles 

of r2 

5[/(2) ^ f/(l) 


SBrane position 

on ^ away 
from orientifold 
SUi2) /7(1) 


position of TBrane 

R'sai,8 + iRgCtt^g 
position of SBrane 


position of 7Brane 

mi 

position of SBrane 

z = w'^ 



where the notation in this table is that of ref. 
H). The strings streched from the SBrane to the 
TBrane induce fundamental matter hypers with 
mass rrii ±w. 

Let us summarize the correspondence between 
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the F theory and the probe theory: 

(i) The set-up on the SBrane wv is that of 
SU{2) SW theory with four hyper-multiplets in 
the fundamental rep. 

(ii) The F-theory A — > probe gauge coupling r. 

(iii) The fact that A — constant — s- into con- 
fomal invarinace of the probe theory. 

(iv) type IIb SL{2, Z)invarinace 
SL{2, Z)invariace of SU{2) with Nf ^ A 

3. The v^rorld- volume field theory on a mul- 
tiple of 3-branes probes in 8 dimensions 

Consider again F theory on KS. Recall that F 
theory on KS is dual to type / on T^. Now wrap 
Nc 5B around the T^. Let us analyze the prop- 
erties of a world-volume theory on the muptiple 
probes Q. 

(i) Super symmetry- 8 susy charges = 1 in 5-|-l 

dim^ iV = 2 in SB S+1 wv. 

{ii) Gauge symmetry- USP(2Nc)^ 
Hypermultiplets- (a) A- antisymmetric rep. 

Nc{2Nc - 1) which is irreducible Nc{2Nc - ® 

singlet. 

(b) Nf — 4: Q^, "quarks" in the fundamental 
rep. 2Nc which emerge in F theory from strings 
between SB and the four 7B at the orientifold 
point. 

(iii) Global symmetry- SO{8) global symmetry 
(local symmetry in space-time) 

{iY)Superpotential- W = Q'-XQ' + AX A -\- 
mijQ'Q^ 

{v)Mass terms- mij corresponds to the com- 
plex scalar 28 atisymmetric rep. of the space- 
time 5*0(8) laocal sym. No other scalars in space- 
time^ No mass term to A. 

{vi)P function (2X^ + 2) -{2X^-2) - 4 = 

{yH) Expectation values- (a) scalars of the an- 
tisymmetric rep which correspond to the motion 
in X4^,x^,xq,x-j. (b) scalars of vector multiplet 
associated with Wilson loops of the gauge fields 
around . 

(via) Moduli space of Coulomb branch- 

{3^2)") 
Sk 

parmutation symmetry Sk part of the U SP{2Xc) 
Weyl group. 
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3.1. Flows of the C/S'P(27Vc) theory 
(1) USP{2N^) Uil)^" 

< X >= diag{ai,a2, ■ ■ ■ ,ak, -ai, -02, • • • , -ak) 

where of corresponds in the type IIb picture to 
the localtion of the 3B on ^ from the orien- 
tifold. 



Nc 




D3 D3 ... 



Figure 11. 



Nc 

X ffi 

D3 



Figure 12. 



4. Construction of = 1 superconformal 
4D probe theory with electric-magnetic 
duality symmetry 

Consider as in Sen's model||^ compactifications 
of F- theory on CY manifolds which have a con- 
stant (weak couphng) value of r. 

The simplest case is the elliptic fiber over a base 
CP^ X CP^ |l|] . In analogy to (1) the toric fibers 



(2) USP{2Nc) SU{2) 



<A>-- 



/ 





• • 


• 


bi 


• 


■ ^\ 







• • 


• 





62 • 


■ 







• • 


• 





• 


• bk 




-61 


• • 


• 





• 


■ 







-62 •• 


• 





• 


• 


V 





• • 







• 


'• 0/ 



b-f corresponds in the type IIb picture to the lo- 
caltion of the z*'' 3B in 2:4, 0:5, xq and X7. 

In the limit of all bi being very large only singlet 
remanants from A survives so it flows to Nc copies 
of Seiberg-Witten theory of 5/7(2) with Nf = 4. 
(3) USP{2Nc) ^ U{Nc);N = 4 

The Nc 3B are together but very far from the 
orientifold point . 

One can deduce from the probe theory inter- 
esting properties of the SW theories To sum- 
marize: 

The Coulomb phase of wv field theory 
of multiple p-branes is just Nc copies (up 
to global identifications) of the Coulomb 
phase for a single p-brane. 



t;(z,z2) 




Figure 13. 

are described by 

+ f{zi,Z2)x + g{zi, Z2), 

where zi and Z2 label the two CP^s of the base. 

A = 4:f + 21 = 

At a degeneration of the fibers, which is a location 
of type IIB 7-brane in the compact dimensions, t 
has a non-trivial monodromy when going around 
it. 

(i) in F-theory 



t(zi, Z2) — constant . 

9 



= constant 
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A solution (though not the most general solution) 
which generalizes is 



Generally, in F-theory compactification 



our case there is discrete non-vanishing 
-B^jyfields (related to discrete torsion ) How do 
we know? At the intersection of two singu- 
larities the intersection point can be blown up to 
get an additional 2-cycle. In the naive F-theory 
compactification 3-brane can be wrapped over the 
vanishing 2-cycle, which should mean that there 
are ^ tensionless strings living on the inter- 
section of the D4 singularities. Our orientifold 
construction, on the other hand, involves a well- 
defined weakly coupled conformal field theory, 
whose low-energy spectrum is well-defined and 
can not include such tensionless strings. Discrete 
Z2 symmetries force the value of both 2-form ten- 
sor fields (integrated over the vanishing 2-cycle) 
to be either or 1/2 (modulo 1). 

A non-zero value for either (or both) of these 
fields breaks the SL{2, Z) symmetry to a discrete 
r(2) subgroup. 



r(2);{.s = 




There are two possible models: 

(i) Integrated B^'^ = ^,8"'^ = ^Sen's 
SUiA) model || 

(ii) Integrated = = i ^ SO{8) 
model 11 

4.2. The space-time theory of the 50(8) 
model 

The superfield content which one deduce from 
the various string sectors are given by: 

{VjUntwisted closed string sectors : 

supergravity multiplet -I- one tensor multiplet 
+ 4 hypermultiplets. 

Open string sector. 

(1) 7-7 strings SO{8)'^ vector multiplets. 

(ii) 7'-7' strings — > SO{8)'^ vector multiplets. 

(iii) 7-7' no massless states. 

(2) Twisted closed string sectors : 

A tensor multiplet at each intersection of fixed 
points (i.e. at each fixed point of both Z2's), 
accounting for a total of 16 additional tensor 
multiplets. At each intersection of D4 singular- 
ities there is a possibility of blowing up a point to 



where 4>i and (/)2 are general polynomials of de- 
gree four 




At this point in moduli space r — constant{a) 



and there are singularities at zi = zj*"* and at 



Z2 



4.1. Space-time theory at the intersection 
of the two D4 singularities 

In general the spacctime field theory at an in- 
tersection of two D4 singularities is not well un- 
derstood Let us try to interpret this point 
in moduli space as an orientifold of the type IIB 



theory. Around each of the points zi 



(for 



constant Z2) there is an SL(2, Z) monodromy of 
the form 



-1 

Locally, this monodromy can be interpreted as an 
orientifold of the type IIB theory by (—1)^^ • fi, 
accompanied by four 7-branes to cancel the RR 
charge. 

Each point zi = z[^'' on the first CP^ factor 
carries a deficit angle of it, all four of them to- 
gether deforming the two CP^ to T^/Za. Thus, 
the theory looks like 



type IIb on 



Z, X Z' 



where 

Z2 =i67f^(-i)^"; z'2=Xs9n{-if^. 

Naively, this corresponds to the orientifold of F- 
theory on ^g^. 

However, this orientifold compactification can- 
not be identified directly with the F-theory 
compact ification[?] 
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get an additional 2-cycle After all these blow-ups 
we get 

F-theory on a smooth {hu — 51,/i2i — 3) 
Calabi-Yau manifold. 

which includes |flq-[l8|: 



Uho 



r{V) 



/ifi - 1 = 18 - 1 

1=3+1=4 

51 - 18 - 1 = 32 



.A/ 

'hi 



1 



'ni 'ni 

This set of 6D = 1 multiplets obey the anomaly 
cancellation condition 

2^nT + nH -nv = 293 

Note again, that the spacetime theory we found 
(using the orientifold construction) is not the 
same as the theory we supposedly started with, 
which was F-theory compactified on an elliptic 
fibration over 

4.3. The space-time theory of the S'[/(4) 
model 

ill 

Untwisted closed string sectors : 
supergravity multiplet -|- one tensor multiplet 
+ 4 hypermultiplets. 
Open string sector. 

(i) 7-7 strings U{^)^ vector multiplets + 2x6 
hypers for each vector. 

(ii) 7'-7' strings — > ?7(4)'' vector multiplets + 
2x6 hypers for each vector. 

(iii) 7-7' (4, 4) hyper multiplets. 
Twisted closed string sectors : 
16 hypers 



1, UH = 372 Uy = 128 



4.4. 3B probe wv field theory at the inter- 
section 

The probe theory is expected (i) to have only 
N = 1 supersymmetry. ( since the 7-branes in- 
tersect transversely at this point and each breaks 
a different half of the wv iV = 4 supersymmetry,) 
(ii) to be invariant under conformal and (r(2)) 
electric-magnetic duality symmetry, and (iii) to 
have two deformations, corresponding to turning 
on zi or Z2, which should cause it to flow to the 
N = 2 SU{2) gauge theory with 4 quark hyper- 
multiplets. 



4.5. Fields from the 3-brane strings 

Let us begin by computing the fields corre- 
sponding to strings which stretch out from a 3- 
brane and fold back to the same brane. 

The 3-brane has 3 images under Z2 x Z2, so 
that every open string state is enhanced to a 4 x 4 
matrix (as in Gimon-Polchinskij|] (fig. 14 ) ) 

imposing the orientifold restrictions. 




Figure 14. 



The 7 matrices g corresponding to each of the 
generators in the Z2 x Z2 may be chosen to be 



7ni 



i 0^ 

-i 

I 

~i 0, 



702 



/ i 0' 

i 

-i 

V -i 0, 



and the orbifold matrix is then necessarily 



7t = 7^1 7^2 




(12) 



These matrices are hermitian and unitary, and 
they correctly reflect the two Z2 actions on the 
compact coordinates (zi,Z2). 



The wave-function matrices of states, M, 



must then satisfy conditions of the type 
M = ±7tM7^^ 

(13) 
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where the signs are determined by the trans- 
formation properties of the relevant state. 
For the gauge fields — , — , + , 
For the chiral superfield Xg,? — , +, — , 
For Xs,9 -+..-,- 
For X4^5 - +,+,+. 

Note that in flat space the 3-brane field theory 
involves an = 4 vector multiplet, containing 
an = 1 vector multiplet and three = 1 chi- 
ral multiplets corresponding to the coordinates 
-^^4, 5, 6, 7, 8, 9 of the 3-brane. In the presence of the 
orientifold, each of these fields is enhanced into a 
4x4 matrix with different constraints. 

(i) Vector superfields 

The relations imposed by ( [1^ ) on the compo- 
nents Mij of gauge fields are 



Mil 

Mi4 

M21 



-M22 = -M33 = M44 
M41 = M23 = M32 

-Af43 Mi3 = -M42 
-Af34 Af31 = -M24. 



(14) 



A basis of 6 matrices that obey these relations 



IS 



Zi = 



Wi 



/I 

-1 



Vo 

/O 1 

1 




0^ 



-1 

1, 




-1 

Vo -1 

f Q Q i Q- 

i 

-i 

V -z 0. 



Z2 = 



Wo 




It is now straightforward to check that the ma- 
trices 



\{Wi + W2)] W{ 
i(W^3 + W^4); W2 



\{Wi^ 



-1^4) 



obey the following commutation relations 

[Z+,W+]= -iW+: [Z+,W+]=iW+ 



[W+,W+] = 
[Z-,W{] = 
[Z-,W2] = 
[Z+,W^] = 

[W+,W^] = 
[W+,W{] = 



-iZ+ 
iW^; 

-iW^; [W^,W2]=iZ- 

0; [Z+,W2]=0; 
[Z-,W+]^0; [Z+,Z-]^0 

0; [W+,W2]=0; 

0; [W+,W2]^0. 



Thus, we see that the gauge fields span an 
SU{2) X SU{2) algebra. 








Figure 15. 



When we take Zi to infinity all 1-2,1-4,2-3 and 
'-4 strings become infinitely massive, (fig. 15) so 
ve can drop those wave-function matrices with 

) non-zero entries in those positions. This leaves 
Zi, W2 and W3, which generate an SU{2) sub- 
algebra. 

Likewise, if we take Z2 to infinity. This picture 
is in accord with the naive expectation following 
Sen of having just a single SU{2) near zi = or 

Z2 = 0. 

(ii) Xqi chiral multiplet 

Next consider the implications of [?] on the 
scalar fields Xqt. The constraints on the matrix 
components are now 



Mil 

Mi4 

M12 
M21 



= -M22 = M33 = -M44 
= -M41 = -M23 = M32 
= +Mi3 Mi3 = M42 = 
= +M34 M31 = M24 = 



A basis of hermitian matrices that obey the rela- 
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tions is the following 



/I 






















i 





-1 







I] 










—i 











1 









i 








Vo 














\-^ 













<'\ 


1 





I] 




/ 


i 






















— i 





















I) 











—i 









1 






V 





i 






Note that now if we take zi to infinity (naively) 
we are left only with Ai, while if we take Z2 to 
infinity (naively) we remain with Ai , A3 and A4 
which are in the adjoint representation of the re- 
maining SU{2), and thus we go over to the picture 
of Sen, as expected. 

Define now the matrices 

A_+, A and A+_ 

by the equations 

A++ = A3 - iAi, A_+ = Ai+ iA2] A+_ = 

Ai - iA2 and A = A3 + iA^. 

It can easily be checked that 

A = (A++ , A_+ , A+_ , A ) are in the 

(2, 2) representation of SU{2) x SU{2) For 

instance, we have 



[Z+,A++]-- 

[W+,A++] = 

[W+,A++] = 
and so on. 



-A, 
2 ^ 



-1a_ 
2 



[Z+,A_+] = -^A^+ 



[W+,A^ 



= — A: 
2 ^ 



^A_+ [W+,A^+] = -'-A++ 



(iii) Xs9 chiral multiplet 

For the relations on the Xgg chiral superfield 
we would find similar (but not identical) results 
to those of XgT (with the second and third rows 
and columns of all matrices interchanged.) 

Thus, this chiral superfield, that we denote by 

B = (B++, B+^,B — ) 

, is also in the (2, 2) representation of SU{2) x 
SU{2) 

As a consistency check, we verify that a VEV 
for Xqy, for instance, indeed breaks the gauge 



symmetry to a diagonal SU{2). For instance, tak- 
ing Ai to have a VEV would leave exactly the ma- 
trices Zi,W2 and W3 (given above), which com- 
mute with it, as expected. The A's would also 
all become massive except Ai (since they do not 
commute with it), again as expected (since after 
moving along the flat direction we should have 
just a single scalar). 

(iv) X45 chiral multiplet 

The relations for X45 are 



Mil 

Ml4 



= M22 
M41 = 



= M33 
-M23 = 



M44 
-M32, 



and their solutions are spanned by the two sin- 
glets 5*1 and S2 



Si - 



4.6. 




S2 = 



-1 



Fields form the strings between the 3- 
brane and 7-branes 

The 70 matrices for the 7-branes are all pro- 
portional to the identity matrix The constraint 
on the 7-brane gauge fields is then just 

M = -M^, 

giving an anti-symmetric matrix corresponding to 
an 5*0(8) space-time gauge symmetry, since there 
are 8 7-branes when including the Z2 partners. 

Next, we should use these matrices to ana- 
lyze the wave function of the 3-7 strings (as in 
^). The 7-brane side is trivial, so the orb- 
ifold/orientifold projections just mix the various 
3-branes according to the matrices For in- 
stance taking the 3i — 7 state (where 3i is the 
first 3-brane) via to i times the 7 — 32 state 
(with opposite orientation !), via 7^3 to i times 
the 7 — 33 state, and via 7t to minus the 34 — 7 
state. A basis for the states going to a specific 
7-brane can thus be chosen to be 



(1,0,0,-1); i?+(0,l,l,0). 



Using the matrices we found above for the gauge 
fields, it is easy to check that these are dou- 
blets under SU{2)^, and singlets with respect 
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to S'C/(2)_. The corresponding chiral superfields 
are thus in (2,1) representation of S'C/(2)_|_ x 
SU{2)-. For the other group of 7-branes we can 
then do the same thing, but with minus the iden- 
tity matrix for some of the relevant 7-7 matri- 
ces (say for •jn^ ^-nd jt)- Then, the basis comes 
out to be 

= (1,0,0,1); i^^-(0, 1,-1,0). 

which is in the (1,2) representation of 
SU{2)+ X SUi2)_. 

The summary of the field content is 
A^— SU{2) X SU{2) gauge fields. 
^8,9 = B — chiral field in (2, 2) = zi 
Xej = A — chiral field in (2, 2) = zi 
= (S'i,S'2) — singlet chiral fields 

(i = 1, • • • , 8) chiral quarks in (2, 1) 

(z = 1, • • • , 8) chiral quarks in (1,2) 

Note about this particle spectrum. 

(i) It is manifestly not N — 2 supersymmetric 
(since there is no chiral multiplet in the adjoint 
representation) 

(ii) < A >^ {< B >^ Q) breaks SU{2) x 
SU{2) SU{2)- 

Three components of A [B) are swallowed by 
the Higgs mechanism, and we remain with an ad- 
joint chiral multiplet (coming from B {A)) and 
additional singlets, as expected. 

(iii) A natural interpretation of 5*1 5*2 is that at 
the intersection point the 3-brane can split into 
two half-3-branes which can move independently. 

(iv) Vanishing one loop (3 function 
(since there are 12 [Nf — 6) doublets of each 

SU{2)). 

4.7. The Superpotential 

Let start with some general points: 

(i) In principle, it should be possible to com- 
pute this superpotential from the string theory 
analysis, but we have not performed this compu- 
tation. 

(ii) Since we have only = 1 supersymnie- 
try, the superpotential in general receives non- 
perturbative quantum corrections. 

(iii) The superpotential has to obey the follow- 
ing main constraints: 

1) The (50(8) theory should have (at least) an 
S0\?>) X 5*0(8) global symmetry. The (S'C/(4)) 



theory should have (at least) an SU{A) x SU{A) 
global symmetry. 

2) The theory should flow to the = 2, SU{2), 
Nf = 4 theory upon giving a VEV to A or to B. 

3) The theory should have a fixed line passing 
through weak coupling [|l^,|o) . 

4) The quarks (Q*) have to become massive 
when we give a VEV to A [B] 

Construction of the superpotential: 

(i) Superpotential for the quarks The van- 
ishing of the (i function associated with the gauge 
coupling Pg and with the superpotential couplings 
(3h^ requires that 

Ag = SC^iG) - E^ Tin) + nnH - 0(15) 
Ah„= ("-3) + iEfc7fc = (16) 

(17) 

where in the first equation the sum is over all the 
fields in the theory, and in the second only over 
the fields in the particular term of the superpo- 
tential. 

A fixed line passing through weak coupling de- 
mands that these equations are not all indepen- 
dent |l^. It is easy to check tht n = 3 and 7^ = 
is a solution for this condition. In fact in it 
was shown from string argumetns that indeed all 
the anomalous dimensions vanish. 

Combining this solution with the requirements 
1), 2) and 4) one ends up with the following su- 
perpotentials 

For the SU{A) model|l|] 

W^QAQ + qBq (18) 
and for the case of 5*0(8) g 
^^QABQ^q_ABq 

Inspite of the fact that in both cases these super- 
potentials obey all the requirements, it is clear 
that only for the SU{A) model it is an adequate 
solution. In the second case one encounters sin- 
gularities in the limits of A — > and B ^ {) which 
cannot be smoothed . 

(ii) Construction of the superpotential for 

SuS2) 

(a) 5*1- the location of the 3-branc in Ar4_5 co- 
ordinates should be decoupled. 
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(b) S2 (corresponding to splitting the 3-brane 
at the orientifold point) should be massless only 



when A and B are both zero. 



(c) A and B become massive once 5*2 is turned 
on, as expected, since when the 3-brane has split 
we cannot move it away from the orientifold 
point. 

(d) In the "Coulomb branch" < A^ > and < 
B^ > should correspond to flat directions but not 
AB. 

(e) < A >-three of its components are swal- 
lowed by the Higgs mechanism, and the other re- 
mains massless and parametrizes the flat direc- 
tion corresponding to the flow (it is the N — 2 
partner of S*!). Three of the components of B re- 
main massless and become an adjoint field X of 
the remaining SU{2), but the remaining compo- 
nent, as well as 5*2, should become massive (since 
we have no corresponding fields in the N ~ 2 
theory) The final result for this part of the action 
is 

W = S2AB 
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